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Abstract
We construct actions for (p, 0)- and (p, 1)- supersymmetric, 1 ≤ p ≤ 4,
two-dimensional gauge theories coupled to non-linear sigma model matter
with a Wess-Zumino term. We derive the scalar potential for a large
class of these models. We then show that the Euclidean actions of the
(2, 0) and (4, 0)-supersymmetric models without Wess-Zumino terms are
bounded by topological charges which involve the equivariant extensions
of the Ka¨hler forms of the sigma model target spaces evaluated on the
two-dimensional spacetime. We give similar bounds for Euclidean actions
of appropriate gauge theories coupled to non-linear sigma model matter in
higher spacetime dimensions which now involve the equivariant extensions
of the Ka¨hler forms of the sigma model target spaces and the second Chern
character of gauge fields. The BPS configurations are generalisations of
abelian and non-abelian vortices.
1 Introduction
Two-dimensional field theories have found many applications in string theory.
For example, two-dimensional sigma models and some two-dimensional gauge
theories have been used to model the dynamics of fundamental and D-strings,
respectively. The small fluctuations of strings which arise as intersections in
various brane configurations are described by two-dimensional gauge theories
coupled to scalars. Because of this, many of the properties and the various
objects that arise in gauge theories coupled to scalars have a brane interpreta-
tion [1, 2, 3, 4]. Supersymmetric gauge theories coupled to linear sigma models
have been constructed in [5] and they have been used to illuminate the re-
lation between Landau-Ginzburg models and Calabi-Yau spaces. Recently a
two-dimensional gauged theory coupled to a linear sigma model was used to
investigate aspects of the dynamics of vortices using branes [6].
In two dimensions, the Wess-Zumino term has the same mass dimension as
the kinetic term of sigma model scalars. Therefore two-dimensional supersym-
metric gauged theories can couple to non-linear sigma model matter which also
has a non-vanishing Wess-Zumino coupling. Such a theory is renormalizable.
The gauging of supersymmetric two-dimensional non-linear sigma models with
a Wess-Zumino term has been considered in [7, 8]. However in these papers the
part of the action which involves the gauge field kinetic terms has not been given.
It has been found in [7] that the Wess-Zumino term of a non-linear sigma model
cannot always be gauged. The conditions for gauging a Wess-Zumino term have
been identified as the obstructions to the extension of the closed form associ-
ated with the Wess-Zumino term to an element of the equivariant cohomology
[9] of the sigma model target space [10]. Scalar potentials for supersymmetric
two-dimensional sigma models with Wess-Zumino term have been investigated
in [11, 12, 13, 14].
In this paper we shall construct the actions of (p,0)- and (p,1)-supersymmetric,
1 ≤ p ≤ 4, two-dimensional gauge theories coupled to non-linear sigma model
matter and with non-vanishing Wess-Zumino term. In addition we shall also
consider the scalar potentials that arise in these theories. This will generalise
various partial results that have already appeared in the literature. To simplify
the description of the results from here on, we shall use the term ‘sigma models’
instead of the term ‘non-linear sigma models’ unless otherwise explicitly stated.
The method we shall use to construct the various actions of supersymmetric
two-dimensional gauged theories coupled to sigma models is based on the su-
perfields found in the context of supersymmetric sigma models [15, 16] and later
used in the context supersymmetric gauged sigma models [8]. One advantage
of this method is that it keeps manifest the various geometric properties of the
couplings that appear in these theories. This will be used in the second part
of the paper to construct of various bounds for vortices. Since the parts of the
actions that we shall describe involving the kinetic term of the sigma model
scalars, the Wess-Zumino term and their couplings to gauge fields are known,
we shall focus on the kinetic term of the gauge fields and the scalar potentials
of these theories. We shall allow the gauge couplings to depend on the sigma
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model scalars and we shall derive the various conditions on these couplings re-
quired by gauge invariance and supersymmetry. We shall find that the scalar
potential of gauge theories coupled to sigma models in two dimensions, even
in the presence of Wess-Zumino term, is the sum of a ‘F’ term or a ‘D’ term
or both. The presence of a D-term, or Fayet-Iliopoulos term, may come as a
surprise. This is because in the presence of a Wess-Zumino term the geometry
of the target space, say, of (2,0)-supersymmetric models where such a term is
expected, is not Ka¨hler and but Ka¨hler with torsion (KT). Thus the Ka¨hler
form is not closed and there are no obvious moment maps. However, it has
been shown in [17] that KT geometries under certain conditions admit moment
maps and are those that appear in the Fayet-Iliopoulos term of these models.
Similar results hold for the (4,0)-supersymmetric models. We shall observe that
the gauged (p,1), p = 1, 2, 4, multiplets are associated with scalar superfields.
For the gauge theories with (2,1) and (4,1) supersymmetry, these scalar multi-
plets satisfy the same supersymmetry constraints as the associated sigma model
multiplets. Therefore these gauge theories can be thought of as sigma models
with target spaces LG ⊗ Rp, p = 1, 2, 4. This will allow us to combine the
(p,1) gauge multiplet and the standard sigma model (p, 1) multiplet to a new
sigma model multiplet. As a result, sigma model type of actions can be written
for these gauge theories coupled to matter for which the associated couplings
depend on the scalar fields of both the sigma model and gauge multiplets. This
generalizes the results of [8].
In the second part of this paper, we shall show that the Euclidean actions
of (2,0)- and (4,0)-supersymmetric two-dimensional gauge theories coupled to
sigma models with a Fayet-Iliopoulos term but with vanishing Wess-Zumino
term admit bounds. In particular we shall find that the Euclidean action SE
of the (2,0)-supersymmetric theory is bounded by the absolute value of a topo-
logical charge Q which is the integral over the two-dimensional spacetime of
the equivariant extension of the Ka¨hler form of its sigma model target space,
SE ≥ |Q|. The sigma model manifold in the (4,0)-supersymmetric theory is
hyper-Ka¨hler and so there are three Ka¨hler forms each having an equivariant ex-
tension. The Euclidean action SE of the (4,0)-supersymmetric theory is bounded
by the length of the three topological charges Q1,Q2,Q3 each associated with
the integral over the two-dimensional spacetime of the equivariant extensions
of the three Ka¨hler forms, SE ≥
√
Q21 +Q
2
2 +Q
2
3. This is another application
of the equivariant cohomology in the context of two-dimensional gauged sigma
models which is distinct from that found in [10] and we have mentioned above.
(For many other applications see for example [18].) The configurations that sat-
urate these bounds are vortices and include the Nielsen-Olesen type of vortices
[19] associated with gauge theories coupled to linear sigma models. In particular
the bounds above generalise that found by Bogomol’nyi in [20] for the abelian
vortices of a gauge theory coupled to a single linear complex scalar field.
We also find that similar bounds exist in higher dimensions for action type
of functionals that involve maps between Ka¨hler manifolds of any dimension
coupled to gauge fields or maps from a Ka¨hler manifold into a hyper-Ka¨hler
manifold again coupled to gauge fields. The structure of these functionals is
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such that it includes the Euclidean actions of some supersymmetric gauge theo-
ries in higher dimensions coupled to sigma models with Fayet-Iliopoulos terms.
In particular the first case, which involves maps between two-Ka¨hler spaces, in-
cludes the Euclidean action of a four-dimensional N = 1 supersymmetric gauge
theory coupled to a sigma model. The latter case, which involved maps from a
Ka¨hler manifold into a hyper-Ka¨hler one, can be associated with the Euclidean
action of a four-dimensional N = 2 supersymmetric gauge theory coupled to a
sigma model. Note that in N = 1 theories in four dimensions the sigma model
target space is Ka¨hler while in the N = 2 theories in four dimensions the sigma
model target space is hyper-Ka¨hler. In all these cases the action functionals
are bounded by topological charges which involve the equivariant extensions of
the Ka¨hler forms of the sigma model target space as well as the second Chern
character of the gauge fields. Our results are different from those of [21, 22] for
non-abelian vortices which involve non-abelian gauge theories coupled to linear
sigma model matter. Note that in the bound constructed in [21], the topo-
logical term involves the first class and second Chern character of the gauge
fields instead of the equivariant extension of the Ka¨hler form and the second
Chern character of the gauge field that we find. It turns out that in the case of
gauge theories coupled to linear sigma models of [5] the two different topological
charges can be related, see also [23]. However this involves a partial integration
procedure in which various surface terms are taken to vanish. We remark that
in the construction of the bounds that involve the equivariant extensions of the
Ka¨hler forms, and also in [20], the topological terms are identified with what
remains after writing the Euclidean actions of the theories as a sum of squares
without the use of partial integrations. It is clear that our results can also be
used to construct bounds for solitons in appropriate gauge theories coupled to
sigma model matter in odd-spacetime dimensions. This is the usual situation
where instantons in a n-dimensional theory can be thought of as static solitons
of a (n+1)-dimensional theory. In particular, there is a bound for the energy of
static configurations of a three-dimensional N = 2 supersymmetric gauge the-
ory coupled to sigma model matter. This new bound is an extension to gauged
theories of the of bounds found in [24] and generalizes that of [25].
This paper is organised as follows: In section two, we shall describe non-
supersymmetric gauge theories coupled to sigma model matter to set up our
notation and give some universal conditions which appear in all such models.
In section three, we shall describe the (1,0)-supersymmetric gauge theories cou-
pled to sigma model matter with a Wess-Zumino term. We shall also give the
scalar potential of the system. In sections four and five, we shall describe the
(2,0)- and (4,0)-supersymmetric gauge theories coupled to sigma model matter
and give the scalar potentials of the systems. We shall find that these sys-
tems have Fayet-Iliopoulos terms constructed from the moment maps of KT
and HKT geometries, respectively. In section six, we shall describe the (1,1)-
supersymmetric gauge theory coupled to sigma model matter. We shall find
that both the gauge multiplet and the sigma model multiplet are scalar super-
fields allowing for non-polynomial interactions between them. In sections seven
and eight, we shall describe the (2,1)- and (4,1)-supersymmetric gauge theories
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coupled to sigma model matter and give the scalar potentials of the systems.
In both these theories the gauge multiplets and the sigma model multiplets are
scalar superfields and therefore admit non-polynomial interactions. In section
nine, we describe a bound for the Euclidean action of a (2,0)-supersymmetric
gauge theory without Wess-Zumino term. We show that the equivariant ex-
tension of the Ka¨hler class enters in the bound. The BPS configurations are
vortices and the scalar fields take values in a curved manifoldM . In section ten,
we describe a bound for the Euclidean action of a (4,0)-supersymmetric gauge
theory without Wess-Zumino term. We show that the topological term in the
bound is a linear combination equivariant extensions of the Ka¨hler classes of
the hyper-Ka¨hler manifold which is the sigma model target space. In sections
eleven and twelve, we present a generalisation of the bounds we have described
for (2,0)- and (4,0)-supersymmetric models to a class of gauge theories coupled
to scalars which are maps between Ka¨hler manifolds or from a Ka¨hler manifold
to a hyper-Ka¨hler, respectively. The topological term this time involves, apart
from the equivariant extensions of Ka¨hler forms, the second Chern character of
the gauge connection. Finally in section thirteen, we give our conclusions.
2 Two-dimensional gauged sigma models with
Wess-Zumino term
2.1 Geometric Data and Action
To describe two-dimensional supersymmetric gauge theories coupled to sigma
model matter with a Wess-Zumino term, it is instructive to begin with a
non-supersymmetric system as a toy example. Let Ξ be the two-dimensional
Minkowski spacetime with light-cone coordinates (x+, x=). The fields of the
model that we shall consider here are the following: a gauge potential A with
gauge group G, sigma model matter fields φ which are locally maps from Ξ into
a sigma model manifold or target space M and real fermions ψ− and λ+ on Ξ
of opposite chirality.
The couplings of two-dimensional gauged sigma model are described by a
Riemannian metric g onM and the Wess-Zumino term which is a locally-defined
two-form b on M ; H = db is a globally defined closed three-form on M . In
addition, the gauge group G acts on M leaving invariant both the metric and
the Wess-Zumino term, ie
Lag = 0 LaH = 0 (2.1)
where La is the Lie-derivative with respect to the vector fields {ξa : a =
1, . . . , dimLG} generated by the action of the gauge group G on M ; LG is
the Lie algebra of G. Therefore, we have
[ξa, ξb]
i = −f cab ξ
i
c , (2.2)
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where f are the structure constants of G; a, b, c = 1, . . . , dimLG are gauge
indices. The first condition in (2.1) implies that ξa are Killing vectors, ie
∇iξaj +∇jξai = 0 (2.3)
where ∇ is the Levi-Civita connection of g and i, j = 1, . . . , dimM . The second
condition in (2.1) together with dH = 0 imply that iaH is closed and so
ξ ia Hijk = 2∂[jwk]a (2.4)
for some locally defined one-form wa.
It is useful to give a geometric interpretation for the gauge potential A of
the sigma model field φ. Let P be a principal bundle over the spacetime Ξ
with fibre the gauge group G. The gauge potential A is locally the pull-back
of a connection one-form A of P onto a open set of the spacetime Ξ. The
sigma model maps φ are sections of the bundle P ×G M . Locally they can be
represented as maps from the spacetime Ξ into M .
To describe the couplings of the fermions, we consider two vector bundles
E and F over M equipped with connections B and C and with fibre metrics
h and k, respectively. The fermions ψ− and λ+ can be thought of as sections
of S− ⊗E and S+ ⊗ F , respectively, where S− and S+ are spin bundles over Ξ
associated to the two inequivalent real representation of Spin(1, 1). Note that
in two dimensions there are Majorana-Weyl fermions and so two inequivalent
one-dimensional real spinor representations of Spin(1, 1). In addition we shall
assume that the connections B and C as well as the fibre metrics h and k are
invariant under the action of the gauge group on M . These conditions imply
that
LaB
A
i B = −∇iU
A
a B (2.5)
LahAB = −Ua
C
AhCB − Ua
C
BhAC , (2.6)
where
∇iU
A
a B = ∂iU
A
a B + Bi
A
CUa
C
B − Ua
A
CBi
C
B , (2.7)
and Ua are infinitesimal gauge transformations, A,B,C = 1, . . . , rankE, and
similarly for the connection C and fibre metric k. The above conditions on the
connection B have appeared in [26]. An action for the fields A, φ, ψ− and λ+ is
S =
∫
d2x
(
uabF
a
+=F
b
+= + gij∇+φ
i∇=φ
j − V (φ)
)
+
∫
d2xdt
(
Hijk∂tφ
i∇+φj∇=φ
k − wia∂tφ
iF a+=
)
+
∫
d2x (ihABψ
A
−∇˜+ψ
B
− − ikA′B′λ
A′
+ ∇˜=λ
B′
+ )
(2.8)
where uab = uab(φ) are the gauge couplings which in general depend on φ, V is
a scalar potential and
F+= = [∇+,∇=] , (2.9)
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where we have suppressed gauged indices. The covariant derivatives in the
action above are defined as follows,
∇µφ
i = ∂µφ
i +Aaµξ
i
a (2.10)
and
∇˜µψ
A
− = ∂µψ
A
− +∇µφ
iB Ai Bψ
B
− +A
a
µU
A
a Bψ
B , (2.11)
µ = +,=, and similarly for ∇˜λA
′
+ . The latter can be rewritten as
∇˜µψ
A
− = ∂µψ
A
− + ∂µφ
iB Ai Bψ
B
− +A
a
µµ
A
a Bψ
B . (2.12)
where
µa
A
B = Ua
A
B + ξa
iBi
A
B . (2.13)
Observe that the part of the action involving the Wess-Zumino term has
been written as an integral over a three-dimensional space. The conditions for
this term to be written in a two-dimensional form as well as the conditions for
the gauge invariance of the action will be investigated in the next section, see
also [7].
2.2 Conditions for gauge invariance
The gauge transformations of the fields are
δǫA
a
µ = −∇µǫ
a
δǫφ
i = ǫaξia
δǫψ
A
− = ǫ
aU Aa Bψ
B
−
δǫλ
A′
+ = ǫ
aV A
′
a B′
λB
′
+
(2.14)
where ǫ is the parameter of infinitesimal gauge transformations. Some of the
conditions required for the invariance of the action (2.8) have been incorporated
as part of the geometric data of the sigma model in the previous section. In
particular, in addition to the conditions (2.1) and (2.5), we require that (i) wa
is a globally defined one-form on M which (ii) satisfies
Lawb = −fab
cwc . (2.15)
To write the Wess-Zumino part of the action in a two-dimensional form, it
is necessary for the relevant three form to be closed. This in addition requires
that
ξiawib + ξ
i
bwia = 0 . (2.16)
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Then the three-dimensional part of the action (2.8) can be written locally [7] as
S′ =
∫
d2x
(
bij∂+φ
i∂=φ
j −Aa+wia∇=φ
i
+Aa=wia∇+φ
i +Aa+A
b
=ξ
i
b wai
)
.
(2.17)
The conditions above that require (i) H to be invariant under the group action,
(ii) wa to be globally defined on M , (iii) (2.15) and (iv) (2.16) are those for the
closed form H to have an extension, i.e. equivariant extension [9], as a closed
form in M ×G EG [10].
Next let us consider the conditions for gauge invariance of part of the ac-
tion (2.8) involving the fermions. We find that this requires that
Lcuab + udbf
d
ca + uadf
d
cb = 0 (2.18)
for the gauge couplings uab,
LaUb − LbUa = [Ua, Ub]− f
c
ab Uc (2.19)
and
LaV = 0 . (2.20)
We have not assumed that ∇ih = 0. However given a connection on a vector
bundle with a fibre metric h, there always exist another connection ∇′ such
that ∇′ih = 0. Suppose that the ∇
′ is used for the fermionic couplings. If this
is the case, the gauge group is O(N) and therefore the right-hand-side of (2.6)
vanishes.
Observe that the equation (2.5) can be written in a more covariant form as
ξjaG
A
ij B = ∇iµ
A
a B . (2.21)
In what follows we shall assume that the conditions stated in this section
by requiring gauge invariance of the non-supersymmetric model described by
the action (2.8) hold. We shall see that for supersymmetric sigma models more
conditions are necessary.
3 (1, 0) supersymmetric gauged models
The (1,0)-supersymmetric gauged sigma model involves the coupling of three
different (1,0)-multiplets. To simplify the construction of this model we shall
describe each multiplet and the conditions for supersymmetry and gauge invari-
ance separately. There are different ways of approaching this problem. Here
we shall use ‘standard’ (1,0)-superfields. The action will be constructed using
(1,0)-superspace methods.
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3.1 The gauge multiplet
The (1,0)-superspace Ξ1,0 has coordinates (x+, x=, θ+), where (x+, x=) are
bosonic light-cone coordinates and θ+ is a Grassmann odd-coordinate. The
(1,0)-supersymmetric Yang-Mills multiplet with gauge group G is described by
a connection A in superspace which has components (A+, A=, A+). In addition,
it is required that these satisfy the supersymmetry constraints [8]
[∇+,∇+] = 2i∇+ [∇+,∇=] = F+=
[∇+,∇=] = W− , (3.1)
where F+=, W− are the components of the curvature of the superspace con-
nection A. (The gauge indices have been suppressed.) Jacobi identities imply
that
∇+W− = iF+= (3.2)
Therefore the independent components of the gauge multiplet are
χa =W−| F
a
+= = −i∇+W
a
−| (3.3)
where χa is the gaugino and F a is the two-form gauge field strength and the
vertical line denotes evaluation of the associated superfield at θ+ = 0. This
notation for identifying the components of a superfield will also be used later
for other theories.
3.2 Sigma model multiplets
To described the sigma model multiplet that couples to the above gauge field,
we introduce a Riemannian manifold M with metric g and a locally defined two
form b. In addition we assume that M admits a vector bundle E with fibre
metric h, connection B and a section s. The data required for the description
of the sigma model multiplet are the same as those given in section 2.1. In
addition we take the section s to satisfy
LasA = −U
B
a AsB . (3.4)
The (1, 0)-supersymmetric sigma model multiplet is described by a real scalar
superfield φ and a fermionic superfield ψ−. The superfield φ is a map from the
superspace Ξ1,0 into a sigma model manifold M and the fermionic superfield
ψ− is a section of the bundle φ
∗E ⊗ S−; S− is a spin bundle over Ξ
1,0.
The components of the superfields φ, ψ− are
φi = φi| λi+ = ∇+φ
i|
ψA− = ψ
A
−| ℓ
A = ∇˜+ψ
A
−| , (3.5)
where the covariant derivatives are defined as
∇+φ
i = D+φ
i +Aa+ξ
i
a
∇˜+ψ
A
− = D+ψ
A
− +∇+φ
iB Ai Bψ
B
− +A
a
+U
A
a Bψ
B
− , (3.6)
where D+ is the usual flat superspace derivative, D
2
+ = i∂+.
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3.3 Supersymmetric action
It is straightforward to couple the gauge multiplet to (1, 0)-supersymmetric
sigma model matter. The full action is
S = Sg + Sσ + Sf + Sp (3.7)
where
Sg = −
∫
d2xdθ+
(
uabW
a
−∇+W
b
− − izaW
a
−
)
, (3.8)
where uab = uab(φ), uab is not necessarily symmetric in the gauge indices and
za is a theta type of term which may depend on the scalar field φ, za = za(φ).
The gauge covariant supersymmetric action for the fields φ is [8]
Sσ = − i
∫
d2xdθ+ gij∇+φ
i∇=φ
j
− i
∫
d2xdtdθ+
(
Hijk∂tφ
i∇+φ
j∇=φ
k − wia∂tφ
iW a−
) (3.9)
which as in section 2.1 can also be written as an integral over Ξ1,0 superspace
provided that H admits an equivariant extension. In particular we have
Sσ = −i
∫
d2xdθ+
(
gij∇+φ
i∇=φ
j + bijD+φ
i∂=φ
j
−Aa+wia∂=φ
i +Aa=wiaD+φ
i +Aa+A
b
=ξ
i
[bwa]i
)
.
(3.10)
The action of the gauged fermionic multiplet is [26]
Sf =
∫
d2xdθ+ hABψ
A
−∇˜+ψ
B
− . (3.11)
The definition of the covariant derivative ∇˜+ is similar to the one given in
section (2.1) for the covariant derivative ∇˜+.
The action for the potential term is
Sp =
∫
d2xdθ+msAψ
A
− (3.12)
which is similar to that of the ungauged model in [11].
The superfields transform under the gauge group G as
δAµ = −∇µǫ
a δφi = ǫaξ ia (φ) δψ
A
− = ǫ
aU Aa Bψ
B
− . (3.13)
where µ = +,=,+ is a Ξ1,0 superspace index and ǫa is an infinitesimal gauge
transformation parameter. Gauge invariance of the action (3.7) requires, in
addition to the conditions given in section (2.2), the condition (3.4) and
Lazb = −fab
czc . (3.14)
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3.4 The action of (1,0)-model in components and scalar
potential
The action of (1,0)-supersymmetric two-dimensional gauged sigma model de-
scribed by the action (3.7) can be easily written in components by performing
the θ+ integration and using the definition of the various component fields of
the (1,0)-multiplets which we have described in the previous sections. In par-
ticular we find for the part of the action involving the kinetic term of the gauge
multiplet that
Sg =
∫
d2x
(
uabF
a
+=F
b
+= + zaF
a
+=
− iuabχ
a
−∇+χ
b
− + i∂iuabλ
i
+χ
a
−F
b
+= + i∂izaλ
i
+χ
a
−
)
.
(3.15)
Next we find that
Sσ =
∫
d2x
(
gij∇+φ
i∇=φ
j + bij∂+φ
i∂=φ
j + iλi+∇˜
(+)
= λ
j
+
+ iwiaλ
i
+χ
a
− −A
a
+wia∂=φ
i +Aa=wia∂+φ
i
−Aa+A
b
=ξ
i
[b wa]i
)
,
(3.16)
where ∇(±) are the usual metric connections with torsion ±H and ∇˜(±) are the
associated connections involving also the gauge connection A. For the fermionic
multiplet we have
Sf =
∫
d2x
(
−ihABψ
A
−∇˜+ψ
B
− + hABℓ
AℓB −
1
2
Gijabψ
A
−ψ
B
−λ
i
+λ
j
+
)
(3.17)
and
Sp =
∫
d2x
(
∇isAλ
i
+ + sAℓ
A
)
. (3.18)
The scalar potential in these models is precisely that of the ungauged (1,0)
sigma models in [11], ie.
V =
1
4
m2hABsAsB . (3.19)
So we find that only ‘F -terms’ contribute to the potential. This is because the
gauge multiplet does not have an auxiliary field. Therefore the classical vacua of
the theory are the points of the sigma model manifold M for which the section
s vanishes modulo gauge transformations. Therefore the vacua of the theory
are those orbits of the gauge group G in M for which the section s vanishes.
4 (2, 0) supersymmetry
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4.1 The gauge multiplet
The (2, 0) superspace Ξ2,0 has coordinates (x+, x=, θ+0 , θ
+
1 ) where (x
+, x=) are
the usual light-cone coordinates and {θ+p : p = 0, 1} are anticommuting co-
ordinates. The (2,0)-supersymmetric Yang-Mills multiplet is described by a
connection A in Ξ2,0 superspace with components (A+, A=, Ap+), p = 0, 1. In
addition it is required that these satisfy the supersymmetry constraints [8]
[∇p+,∇q+] = 2iδpq∇+ [∇+,∇=] = F+= [∇p+,∇=] = Wp− , (4.1)
where p, q = 0, 1. Jacobi identities imply that
∇p+Wq− +∇q+Wp− = 2iδpqF+= (4.2)
The components of the gauge multiplet are
χ0− = W0−| χ1− = W1−|
iF+= = ∇0+W0−| f = ∇0+W1−| . (4.3)
The components, (χ0−, χ1−), are the gaugini which are real chiral fermions in
two dimensions, F+= is the field strength and f is an auxiliary field. (We have
suppressed the gauge indices.)
4.2 The sigma model multiplet
It is well known the target manifoldM of (2,0)-supersymmetric ungauged sigma
model is Ka¨hler manifold with torsion (KT). Therefore M is a hermitian man-
ifold with metric g and equipped with a complex structure J which is parallel
with respect to the ∇(+) connection. This connection is a metric connection
with torsion H , ie ∇(+) = ∇+ 12H where ∇ is the Levi-Civita connection. (For
the definition of these geometries see [27, 28]). To gauge the model, we assume
as in section 2.1 that the gauge group G acts on M and leaving invariant the
metric g and the Wess-Zumino term H . In addition we require that the action
of the group G is holomorphic. This means that
LaJ = 0 , (4.4)
where the Lie derivative is along vector fields ξa generated by the group action
of G. The sigma model fields are maps φ : Ξ2,0 → M into a complex manifold
M which in addition satisfy
∇1+φ
i = J ij∇0+φ
j , (4.5)
where ∇p+φ = Dp+φ
i + Aap+ξ
i
a, p = 0, 1. Note that the requirement for M to
be a complex manifold can be derived from the above condition.
The components of the sigma model multiplet φ are as follows:
φi = φi| λi+ =∇0+φ
i| . (4.6)
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4.3 The fermionic multiplet
Let E be a vector bundle over M equipped with a connection B and a fibre
(almost) complex structure I. The fermionic multiplet ψ− is a section of φ
∗E⊗
S− over the Ξ
2,0, where S− is a spin bundle over Ξ
2,0. In addition we require
that the fermionic multiplet ψ− satisfies
∇˜1+ψ
A
− = I
A
B∇˜0+ψ
B
− +
1
2
mLA , (4.7)
where L is a section of E and
∇˜p+ψ
A
− = Dp+ψ
A +∇p+φ
iBi
A
Bψ
B
− +A
a
p+Ua
A
B , (4.8)
for p = 0, 1.
Compatibility of the condition (4.7) with gauge transformations requires
that
LaI
A
B = Ua
A
CI
C
B − I
A
CUa
C
B
LaL
A = Ua
A
BL
B .
(4.9)
These are the conditions for the gauge transformations and the (2,0)-supersymmetry
transformations to commute.
The compatibility of the condition (4.7) with the algebra of covariant deriva-
tives ∇ implies the following conditions:
G Akl BJ
i
kJ
l
j = G
A
ij B
Jki∇kL
A − IAB∇iL
B = 0
Jki∇kI
A
B − I
A
C∇iI
C
B = 0 .
(4.10)
These are precisely the conditions required for the off-shell closure of (2,0) su-
persymmetry algebra.
It is always possible to find a connection B on the bundle E such that
∇I = 0. In such case the last condition in (4.10) is satisfied. Decomposing E⊗C
as E ⊗ C = E ⊕ E¯ using I, the first condition implies that E is a holomorphic
vector bundle. Then the second condition in (4.10) implies that the section L
is the real part of a holomorphic section of E .
The components of the fermionic multiplet are as follows:
ψA− = ψ
A
−| ℓ
A =∇˜0+ψ
A
−| , (4.11)
where ψ− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.
4.4 Action
The action of the (2,0)-supersymmetric gauged sigma model can be written as
S = Sg + Sσ + Sf , (4.12)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-model
multiplet and Sf is the action of the fermionic multiplet. We shall describe each
term separately.
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4.5 The gauge multiplet action
The most general action for the (2,0)-supersymmetric gauge multiplet up to
terms quadratic in the field strength is
Sg =
∫
d2xdθ+0
(
−u0abδ
pqW ap−∇0+W
b
q− + u
1
abδ
pqW ap−∇1+W
b
q− + iz
p
aW
a
p−
)
,
(4.13)
where u0 and u1 are the gauge coupling constants which in general depend
on the superfield φ and similarly for the ‘theta’ terms zp. Both u0 and u1
are not necessarily symmetric in the gauge indices. The above action can be
written in different ways. However there are always field and coupling constant
redefinitions which can bring the action to the above form.
Observe that this action is not an integral over the full Ξ2,0 superspace.
Therefore it is not manifestly (2,0)-supersymmetric. The requirement of invari-
ance under (2,0) supersymmetry imposes the conditions
Jji∂ju
0 = −∂iu
1
Jji∂jz
1 = −∂iz
0 .
(4.14)
This is most easily seen by verifying that the Lagrangian density is independent
of θ+1 up to θ
+
0 , x
+, x=-surface terms. The conditions (4.14) are the Cauchy-
Riemann equations which imply that u0 + iu1 and z1 + iz0 are holomorphic.
Indeed provided that the holomorphicity conditions (4.14) hold, the ac-
tion (4.13), apart from the theta terms, can be written as an integral over
the Ξ2,0 superspace as
Sg =
∫
d2xdθ+0 dθ
+
1
(
αu0abW
a
0−W
b
1− + (α− 1)u
1
abW
a
0−W
b
0−
− αu1abW
a
1−W
b
1− + (α− 1)u
0
abW
a
1−W
b
0−
) (4.15)
for any constant α. After integrating over the odd coordinate θ+1 we recover the
action (4.13). Observe that the action (4.15) simplifies if one takes u0, u1 to be
symmetric matrices. In particular one finds that
Sg =
∫
d2xdθ+0 dθ
+
1 u
0
abW
a
0−W
b
1− . (4.16)
Invariance of the action (4.13) under gauge transformations requires that
the couplings u0, u1 and zp satisfy
Lau
0
bc = −f
e
abu
0
ec − f
e
acu
0
ae
Lau
1
bc = −f
e
abu
1
ec − f
e
acu
1
ae
Laz
p
b = −f
c
abz
p
c .
(4.17)
The gauge transformations of the gauge multiplet and the sigma model multiplet
that are required to derive the above result are as in the (1,0)-supersymmetric
models studied in the previous sections.
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4.6 The sigma model action
The part of the action which describes the coupling of the sigma model (2,0)-
multiplet to the gauge multiplet has already been given in [8]. This action
is
Sσ =− i
∫
d2xdθ+0
(
gij∇0+φ
i∇=φ
j + νaW
a
1−
)
− i
∫
d2xdtdθ+0
(
Hijk∂tφ
i∇0+φ
j∇=φ
k − wia∂tφ
iW a0−
) (4.18)
where νa is a function on M , possibly locally defined, given by
Iji(ξaj + waj) = −∂iνa (4.19)
Under certain conditions the maps ν can be thought of as the moment maps of
KT geometry [17].
Gauge invariance of the above part of action requires in addition to the
conditions on w, which we have already mentioned in section 2.2, that νa is
globally defined on M and that
Laνb = −fab
cνc . (4.20)
4.7 The action of the fermionic multiplet
This part of the action is
Sf =
∫
d2xdθ+0
(
hABψ
A
−∇˜0+ψ
B
− +msAψ
A
−
)
(4.21)
Gauge invariance of this part of the action requires the same conditions as
those appearing for the couplings of (1,0)-multiplet in (2.19).
The conditions required by (2,0)-supersymmetry on the couplings of the
above action are the same as those of the ungauged model and have been given
in [29]. These can be easily derived by requiring that the Lagrangian density is
independent from θ+1 up to x
+, x=, θ+0 surface terms. In particular, we find that
hCBI
C
A + hCAI
C
B = 0
Jji∇jhAB +∇ihACI
C
B = 0
Jji∇jsA −∇i(sBI
B
A)−
1
2
∇ihABL
B = 0
sAL
A = const .
(4.22)
The first condition implies that the fibre metric is hermitian is respect to the
fibre complex structure. It is always possible to choose such a fibre metric
given a fibre complex structure on a bundle vector bundle E. In the context of
sigma models this has been explained in [16]. The rest of the conditions can be
considerably simplified if the connection B is chosen such that ∇I = ∇h = 0.
Such connection always exists on a hermitian vector bundle E. In such case, the
third equation in (4.22) implies that s is the real part of a holomorphic section
of E∗.
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4.8 The action in components
It is straightforward to write the action S of the (2,0)-supersymmetric gauge
sigma model in components. In particular we find that the component action
of the gauge multiplet (4.13) is
Sg =
∫
d2x
(
u0abF
a
+=F
b
+= + z
0
aF
a
+= − u
0
abf
af b + iz1af
a
+ iu0abχ
a
0−∇+χ
b
0− + iu
0
abχ
a
1−∇+χ
b
1−
− 2iu1[ab]F
a
+=f
b + 2iu1[ab]χ
a
[0−∇+χ
b
1]−
+ i∂iz
0
aλ
i
+χ
a
0− + i∂iz
1
aλ
i
+χ1−
− λi+∂iu
0
ab(iχ
a
0−F
b
+= + χ
a
1−f
b)
+ λi+∂iu
1
ab(−χ
a
0−f
b + iχa1−F
b
+=)
)
.
(4.23)
The component action of the sigma model part is
Sσ =
∫
d2x
(
gij∇+φ
i∇=φ
j + bij∂+φ
i∂=φ
j + iλi+∇˜
(+)
= λ
j
+
− i∂iλ
i
+νaχ
a
1− − iνaf
a + igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0−
−Aa+wia∂=φ
i +Aa=wia∂+φ
i −Aa+A
b
=ξ
i
[b wa]i
)
(4.24)
and the component action of the fermionic multiplet is
Sf =
∫
d2x
(
− ihABψ
A
−∇˜+ψ
B
− + hABℓ
AℓB
−
1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλ
i
+ψ
A
− +msAℓ
A
)
.
(4.25)
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Eliminating the auxiliary fields of the gauge and fermionic multiplets, we find
that
S =
∫
d2x
(
gij∇+φ
i∇=φ
j + bij∂+φ
i∂=φ
j + u0abF
a
+=F
b
+=
+ iu0abχ
a
0−∇+χ
b
0− + iu
0
abχ
a
1−∇+χ
b
1−
+ iλi+∇˜
(+)
= λ
j
+ − ihABψ
A
−∇˜+ψ
B
− + z
0
aF
a
+=
−
1
4
m2hABsAsB −
1
4
uab0 (νa − z
1
a)(νb − z
1
b )
−
1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλ
i
+ψ
A
−
−Aa+wia∂=φ
i +Aa=wia∂+φ
i −Aa+A
b
=ξ
i
[b wa]i
− uab0 (νa − z
1
a)u
1
[cb]F
c
+= − u
ab
0 u
1
[ac]u
1
[bd]F
c
+=F
d
+=
+ i∂iz
0
aλ
i
+χ
a
0− + i∂iz
1
aλ
i
+χ1−
− i∂iu
0
abλ
i
+χ
a
0−F
b
+= + i∂iu
1
abλ
i
+χ
a
1−F
b
+=
− i∂iνaλ
i
+χ
a
1− + igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0−
+
1
2
iuab0 (νa − z
1
a)(∂iu
0
cbχ
c
1− + ∂iu
1
cbχ
c
0−)
+
1
4
uab0 (∂iu
0
caχ
c
1− + ∂iu
1
cbχ
c
0−)(∂iu
0
dbχ
d
1− + ∂iu
1
dbχ
d
0−)
− iuab0 u
1
[ac]F
c
+=(∂iu
0
dbχ
d
1− + ∂iu
1
dbχ
d
0−)
+ 2iu1[ab]χ
a
[0−∇+χ
b
1]−
)
(4.26)
where uab0 is the matrix inverse of u
0
(ab),
uab0 u
0
(bc) = δ
a
c . (4.27)
Note that we have assumed that u0 is invertible.
4.9 Scalar potential and classical vacua
The scalar potential of the (2,0)-supersymmetric gauge theories coupled to sigma
model matter is
V =
1
4
uab0 (νa − z
1
a)(νb − z
1
b ) +
1
4
mhABsAsB . (4.28)
The scalar potential in these models is written as a sum of a ‘D’ and an ‘F ’
term. The classical supersymmetric vacua of the theory are those for which
νa − z
1
a = 0 sA = 0 . (4.29)
The inequivalent classical vacua are the space of orbits of the gauge group on
the zero set of the section s and ν − z1. If the section s and z1 vanish, then
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the space of inequivalent vacua is the KT reduction M//G of the sigma model
target space M . It has been shown in [17] that the space of vacua inherits the
KT structure of the sigma model manifold M and under certain assumptions is
a smooth manifold. However the three-form of the Wess-Zumino term onM//G
is not necessarily closed.
5 (4, 0) supersymmetry
5.1 The gauge multiplet
The (4, 0) superspace Ξ4,0 has coordinates (x+, x=, θ+p ), where θ
+
p , p = 0, 1, 2, 3,
are the odd coordinates. The (4,0)-supersymmetric Yang-Mills multiplet is
described by a connection A in superspace with components (A+, A=, Ap+),
p = 0, 1, 2, 3. In addition it is required that these satisfy the supersymmetry
constraints [8]
[∇p+,∇q+] = 2iδpq∇+
[∇+,∇=] = F+=
[∇p+,∇=] = Wp−
∇p+Wq− =
1
2
ǫpq
p′q′∇p′+Wq′− ,
(5.1)
where p, q, p′q′ = 0, . . . , 3 and p 6= q in the last condition. (We have suppressed
gauge indices.) Jacobi identities imply that
∇p+Wq− +∇q+Wp− = 2iδpqF+= (5.2)
The components of the gauge multiplet are
χp− =Wp−| iF+= = ∇0+W0−|
fr = ∇0+Wr−| (r = 1, 2, 3) (5.3)
The first four fields, (χp− : p = 0, 1, 2, 3), are the gaugini which are real chiral
fermions in two dimensions, F+= is the field strength and {fr : r = 1, 2, 3} are
the auxiliary fields.
5.2 The sigma model multiplet
Let M be a hyper-Ka¨hler manifold with torsion (HKT). This implies that M
admits a hypercomplex structure {Jr : r = 1, 2, 3} the metric g on M is tri-
hermitian and the hypercomplex structure is parallel with respect to a metric
connection with torsion the three-form H , ∇(+)Jr = 0; (see [27, 28] for more
details). In addition we assume that the gauge group G acts on M preserving
the metric, three-form H and the hypercomplex structure. The latter condition
implies that
LaJr = 0 , (5.4)
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where the Lie derivative La is along vector field ξa generated by the action of G
on M . The sigma model fields are maps φ : Ξ4,0 → M into the HKT manifold
M which in addition satisfy
∇r+φ
i = Jr
i
j∇0+φ
j , (5.5)
where ∇p+φ = Dp+φ
i + Aap+ξ
i
a and r = 1, 2, 3. We remark that the algebra
of (4,0) supersymmetry transformations closes as a consequence of the HKT
condition we imposed on M .
The components of the sigma model multiplet φ are as follows,
φi = φi| λi+ =∇0+φ
i| . (5.6)
5.3 The fermionic multiplet
Let E be a vector bundle over M equipped with a connection B and a fibre
(almost) hypercomplex structure {Ir : r = 1, 2, 3}. The fermionic multiplet ψ−
is a section of φ∗E ⊗ S− over the Ξ
4,0, where S− is a spin bundle over Ξ
4,0. In
addition the fermionic multiplet ψ− satisfies
∇˜r+ψ
A
− = Ir
A
B∇˜0+ψ
B
− +
1
2
mLAr (5.7)
where {Lr : r = 1, 2, 3} are sections of E and
∇˜p+ψ
A
− = Dp+ψ
A +∇p+φ
iBi
A
Bψ
B
− +A
a
p+Ua
A
B , (5.8)
p = 0, 1, 2, 3.
Compatibility of the condition (5.7) with gauge transformations requires
that
LaI
A
r B = Ua
A
CI
C
r B − I
A
r CUa
C
B
LaL
A
r = Ua
A
BL
B
r .
(5.9)
These are the conditions for the gauge transformations and the (2,0)-supersymmetry
transformations to commute.
The conditions required for the closure of the (4,0) supersymmetry algebra
are similar to those found for the ungauged (4,0) model in [11, 15]. Here to
simplify the analysis, we shall in addition assume that the fibre hypercomplex
structure is parallel with respect to ∇, ie ∇Ir = 0. (See [16] for a discussion on
the conditions required for the existence of such a connection ∇ on the vector
bundle E.) The more general case can be easily derived but we shall not use
these results later. In this special case, we find that
Gkl
A
BJr
k
iJs
l
j +Gkl
A
BJs
k
iJr
l
j = 2δrsGij
A
B
Jr
J
i∇jL
A
s + Js
J
i∇jL
A
r − Ir
A
B∇iL
B
s − Is
A
B∇iL
B
r = 0 .
(5.10)
The first condition implies that the curvature G of the vector bundle E is an
(1,1)-form with respect to all three complex structures Jr. Observe that the
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diagonal relation r = s implies all the rest. The diagonal part of the second
condition implies that each section Lr is a holomorphic section with respect to
the pair (Jr, Ir).
The components of the fermionic multiplet are as follows:
ψA− = ψ
A
−| ℓ
A =∇˜0+ψ
A
−| , (5.11)
where ψ− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.
5.4 Action
The action of the (4,0)-supersymmetric gauged sigma model can be written as
S = Sg + Sσ + Sf , (5.12)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-model
multiplet and Sf is the action of the fermionic multiplet. We shall describe each
term separately.
5.5 The gauge multiplet action
The most general action for the (4,0)-supersymmetric gauge multiplet up to
terms quadratic in the field strength is
Sg =
∫
d2xdθ+0
(
−u0abδ
pqW ap−∇0+W
b
q− +
3∑
r=1
urabδ
pqW ap−∇r+W
b
q− + iz
p
aW
a
−p
)
(5.13)
where {up : p = 0, 1, 2, 3} and {zp : p = 0, 1, 2, 3} are the gauge coupling
constants which in general depend on the superfield φ and up are not necessarily
symmetric in the gauge indices. The above action can be written in different
ways. However there are always field and coupling constant redefinitions which
bring the action to the above form.
Observe that this action is not an integral over the full Ξ4,0 superspace.
Therefore it is not manifestly (4,0)-supersymmetry. Define J i0 j = δ
i
j . The
requirement of invariance the action (5.13) under (4,0) supersymmetry imposes
the conditions
J jp i∂juq =
1
2
ǫpq
p′q′Jp′
j
i∂juq′ (p 6= q)
∂iu0 = J
j
1 i∂ju1 = J
j
2 i∂ju2 = J
j
3 i∂ju3 ,
(5.14)
and {ur : r = 1, 2, 3} are symmetric in the gauge indices. In addition, we have
Jr
j
i∂jz
r = −∂iz
0
Jp
j
i∂jzq = −
1
2
ǫpq
p′q′Jp′
k
i∂kzq′ .
(5.15)
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The conditions (5.14) and (5.15) imply that in fact {up : p = 0, . . . , 3} and {zp :
p = 0, . . . , 3} are constant, i.e. independent from the sigma model superfield φ.
The above conditions are most easily derived by verifying that the Lagrangian
density is independent of θ+r up to surface terms in x
+, x= and θ+0 . In addition
gauge invariance requires that the coupling constants up and zp satisfy the
condition
fdabu
p
dc + f
d
acu
p
bd = 0
f cabz
p
c = 0 .
(5.16)
In particular ur should be proportional to an invariant quadratic form on the
Lie algebra of the gauge group G. If G semi-simple, the condition on zp implies
that zp = 0. If G is abelian, then the above conditions are satisfied for any
constants up and zp.
5.6 The sigma model multiplet action
This part of the action has already been described in [8]. Here we shall sum-
marise some of results relevant to this paper. The action of this multiplet is
Sσ =− i
∫
d2xdθ+0
(
gij∇0+φ
i∇=φ
j +
3∑
r=1
νraW
a
r−
)
− i
∫
d2xdtdθ+0
(
Hijk∂tφ
i∇0+φ
j∇=φ
k − wia∂tφ
iW a0−
)
,
(5.17)
where νa is a function on M , possibly locally defined, given by
I jr i(ξaj + waj) = −∂iνra . (5.18)
It has been shown in [17] that under certain conditions ν is a moment map of
HKT geometry.
The gauge transformations of the superfield φ are
δφi = λaξ ia (φ) (5.19)
Gauge invariance of the above action requires that w should satisfy the condi-
tions mentioned in section 2.2, the moment maps should be globally defined on
the sigma model target space M and
Laνra = −f
c
ab νrc . (5.20)
5.7 The action of the fermionic multiplet
This part of the action is
Sf =
∫
d2xdθ+0
(
hABψ
A
−∇˜0+ψ
B
− +msAψ
A
−
)
(5.21)
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Gauge invariance of this part of the action requires the same conditions as
those appearing for the couplings of (1,0)-multiplet in (2.19).
The conditions required by (4,0)-supersymmetry on the couplings of the
above action are the same as those of the ungauged model and have been given
in [15]. These can be easily derived by requiring that the Lagrangian density is
independent from θ+r up to x
+, x=, θ+0 surface terms. In particular, we find that
hCBIr
C
A + hCAIr
C
B = 0
Jr
j
i∇jhAB +∇ihACIr
C
B = 0
Jr
j
i∇jsA −∇isBIr
B
A −
1
2
∇ihABL
B
r = 0
sAL
A
r = const .
(5.22)
To derive the above conditions we have used that ∇Ir = 0 as we have assumed
in the construction of the fermionic multiplet. The first condition implies that
the fibre metric is tri-hermitian. These conditions can be further simplified if
the connection B is chosen such that ∇h = 0. In such case, the third equation
in (5.22) implies that s is the real part of three holomorphic sections of E∗
each with respect to the three doublets (Jr, Ir) of complex structures, ie s is
triholomorphic.
5.8 The action in components and scalar potential
The part of the action of the theory involving the kinetic term of the gauge
multiplets (5.13) can be easily expanded in components as follows:
Sg =
∫
d2x
(
u0abF
a
+=F
b
+= + iu
0
abδ
pqχap−∇+χ
b
q−
+ z0aF
a
+= −
∑
r
(u0abf
a
r f
b
r + iz
r
af
a
r )
+ 2iu1abχ
a
[0−∇+χ
b
1]− + 2iu
1
abχ
a
[2−∇+χ
b
3]−
+ 2iu2abχ
a
[0−∇+χ
b
2]− + 2iu
2
abχ
a
[1−∇+χ
b
3]−
+ 2iu3abχ
a
[0−∇+χ
b
3]− + 2iu
3
abχ
a
[1−∇+χ
b
2]−
)
.
(5.23)
To derive this we have used that {up : 0, . . . , 3} are constant and {ur : 1, 2, 3}
symmetric in the gauge indices.
The part of the action that contains the kinetic term and the Wess-Zumino
term of the sigma model fields in components is as follows,
Sσ =
∫
d2x
(
gij∇+φ
i∇=φ
j + bij∂+φ
i∂=φ
j + iλi+∇˜
(+)
= λ
j
+
− i
∑
r
(νraf
a
r + ∂iνraλ
i
+χ
a
r−)
+ igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0−
−Aa+wia∂=φ
i +Aa=wia∂+φ
i −Aa+A
b
=ξ
i
[b wa]i
)
(5.24)
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The part of the action that contains the kinetic term the fermionic multiplet in
components is as follows:
Sf =
∫
d2x
(
− ihABψ
A
−∇˜+ψ
B
− + hABℓ
AℓB −
1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB
+m∇isAλ
i
+ψ
A
− +msAℓ
A
) (5.25)
After eliminating the auxiliary fields of both the gauge multiplet and the
fermionic multiplet, we find that the action of (4,0)-supersymmetric gauge the-
ories coupled to sigma models is
Sg + Sf =
∫
d2x
(
u0abF
a
+=F
b
+= − ihABψ
A
−∇˜+ψ
B
−
+ iδpqu0abχ
a
p−∇+χ
b
q−
+ 2iu1abχ
a
[0−∇+χ
b
1]− + 2iu
1
abχ
a
[2−∇+χ
b
3]−
+ 2iu2abχ
a
[0−∇+χ
b
2]− + 2iu
2
abχ
a
[1−∇+χ
b
3]−
+ 2iu3abχ
a
[0−∇+χ
b
3]− + 2iu
3
abχ
a
[1−∇+χ
b
2]−
−
1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλ
i
+ψ
A
−
−
1
4
uab0
∑
r
(νra − z
r
a)(νrb − z
r
b )−
1
4
m2hABsAsB
+ z0aF
a
+= +
∑
p
∂iz
p
aλ
i
+χ
a
r−
)
(5.26)
It is straightforward to write the action S of the (2,0)-supersymmetric gauge
sigma model in components. In particular we find the following:
S =
∫
d2x
(
gij∇+φ
i∇=φ
j + bij∂+φ
i∂=φ
j + u0abF
a
+=F
b
+=
+ iu0abδ
pqχap−∇+χ
b
q−
+ iλi+∇˜
(+)
= λ
j
+ − ihABψ
A
−∇˜+ψ
B
− + z
0
aF
a
+=
−
1
4
m2hABsAsB −
1
4
uab0
∑
r
(νra − z
r
a)(νrb − z
r
b )
−
1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλ
i
+ψ
A
−
−Aa+wia∂=φ
i +Aa=wia∂+φ
i −Aa+A
b
=ξ
i
[b wa]i
+ i∂iz
0
aλ
i
+χ
a
0−
+ igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0− + i
∑
r
∂i(z
r
a − νra)λ
i
+χ
a
r−
)
(5.27)
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5.9 Scalar Potential and Classical Vacua
The scalar potential of the (4,0)-supersymmetric gauged sigma models is
V =
1
4
3∑
r=1
uab0 νraνrb +
1
4
mhABsAsB , (5.28)
where we have absorbed the constants zra into the definition of the moment maps
νra. The scalar potential in these models is written as a sum of a ‘D’ and an
‘F ’ term. The classical supersymmetric vacua of the theory are those for which
νra = 0 sA = 0 . (5.29)
The inequivalent classical vacua are the space of orbits of the gauge group on
the zero set of the section s and the HKT moment maps νr. If the section s
vanishes, then the space of inequivalent vacua is the theory is the HKT reduction
M//G of the sigma model target spaceM . It has been shown in [17] that under
certain assumptions the space of vacua inherits the HKT structure of the sigma
model manifold M and it is a smooth space. However the three-form of the
Wess-Zumino term on M//G is not necessarily closed.
6 (1, 1) supersymmetry
6.1 The gauge multiplet
The (1, 1) superspace Ξ1,1 has coordinates (x+, x=, θ+, θ−), where θ± are Grass-
man valued odd coordinates. The (1,1)-supersymmetric Yang-Mills multiplet is
described by a connection A in superspace with components (A+, A=, A+, A−).
In addition it is required that these satisfy the supersymmetry constraints [8]
[∇+,∇−] =W [∇+,∇=] = F+=
[∇+,∇+] = 2i∇+ [∇−,∇−] = 2i∇= (6.1)
(We have suppressed the gauge indices.) The Jacobi identities imply that
[∇+,∇=] = i∇−W [∇−,∇+] = i∇+W
F+= = ∇+∇−W (6.2)
It is worth mentioning that the (1,1)-supersymmetric gauge multiplet can be
constructed from a scalar superfield. This allows for the possibility of non-
polynomial couplings between the sigma model multiplet and the gauge multi-
plet. The components of the gauge multiplet are
W = W | F+= = ∇+∇−W |
χ+ = ∇+W | χ− = ∇−W | (6.3)
The field, W , is a scalar, χ+,χ− are gaugini which are real chiral fermions in
two dimensions, and F+= is the (gauge) field strength.
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6.2 The sigma model multiplet
Let M be a Riemannian manifold with metric g and locally defined two-form b.
We take the gauge group G to act on M with isometries preserving the Wess-
Zumino three-form H = db and generating the vector fields ξa as in section 2.1.
In addition we assume that the one-form w satisfies the conditions of section
2.2.
The sigma model (1,1) multiplet φ is a map from the (1,1) superspace Ξ1,1
into the Riemannian manifold M . The components of φ are as follows,
φi = φi| ℓi = ∇+∇−φ
i|
λi+ = ∇+φ
i| λi− = ∇−φ
i| , (6.4)
where ∇+φ
i = D+φ
i + Aa+ξ
i
a and similarly for ∇−. Observe that the first two
components of (1, 1) superfield φ can be identified with the two components
of a (1, 0) superfield φ while the latter two components can be identified with
those of a (1, 0) fermionic superfield ψ−. The vector bundle associated with this
fermionic multiplet is the tangent bundle of M .
6.3 Action
The action of the (1,1)-supersymmetric gauged sigma model can be written as
sum of three terms,
S = Sg + Sσ + Sp , (6.5)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-model
multiplet and Sp is a potential term. We shall describe each term separately.
6.4 The gauge multiplet action
An action of the (1,1)-supersymmetric gauge multiplet is most easily written in
(1,1) superspace. In particular we have
Sg =
∫
d2xdθ+dθ−
(
−uab∇+W
a∇−W
b +
1
2
vabW
aW b + zaW
a
)
, (6.6)
where uab = uab(φ), u is not necessarily symmetric in the gauge indices, vab =
vab(φ) and the theta term za = za(φ). Of course this action is manifestly (1,1)-
supersymmetric because it is an integral over full superspace. Gauge invariance
imposes the additional conditions
Laubc = −f
d
abudc − f
d
acubd
Lavbc = −f
d
abvdc − f
d
acvbd
Lazb = −f
d
abzd
(6.7)
on the couplings u,v and z.
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The action (6.6) can be easily expanded in components to find
Sg =
∫
d2x
(
+ uabF
a
+=F
b
+= − uab∇+W
a∇=W
b
+ iuab∇+χ
a
−χ
b
− − iuabχ
a
+∇=χ
b
+
+ ∂iuabF
a
+=λ
i
+χ
b
− − ∂iuabλ
i
−χ
a
+F
b
+=
+ i∂iuabλ
i
+χ
a
+∇=W
b + i∂iuabλ
i
−∇+Waχ
b
−
+ uabf
b
cdχ
a
+χ
c
−W
d −∇i∂juabλ
i
+λ
j
−χ
a
+χ
b
− − ∂iuabℓ
iχa+χ
b
−
+ vabχ
a
+χ
b
− + vabW
aF b+=
+ ∂ivabλ
i
+Waχ
b
− − ∂ivabλ
i
−χ
a
+W
b
+
1
2
∇i∂jvabλ
i
+λ
j
−W
aW b +
1
2
∂ivabℓ
iW aW b
+ zaF
a
+= + ∂izaλ
i
+χ− − ∂izaλ
i
−χ+
+ ℓi∂izaW
a + λi+λ
j
−∇i∂jzaW
a
)
.
(6.8)
6.5 The sigma model multiplet action and potential term
A (1,1)-supersymmetric gauged sigma model action has been given in [8]. This
action can be written as
Sσ =
∫
d2xdθ+dθ− gij∇+φ
i∇−φ
j
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇+φ
j∇−φ
k − wia∂tφ
iW a−
) (6.9)
This can be rewritten without the t integration as
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φ
i∇−φ
j + bijD+φ
iD−φ
j
−Aa+wiaD−φ
i − Aa−wiaD+φ
j +Aa−A
b
+ξ
i
[bwa]i
)
.
(6.10)
It is straightforward to add a potential term to the above actions as
Sp =
∫
d2xdθ+dθ− h (6.11)
where h = h(φ) is a function of the superfield φ. Gauge invariance of the above
action requires that w should satisfy the conditions stated in section 2.2.
6.6 A generalisation of the action
The action of (1,1)-supersymmetric gauge theory presented above can be gen-
eralized by allowing the various couplings of the theory to depend on the scalar
component of the gauge multiplet superfield. Supersymmetry then requires
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additional fermionic couplings. The new theory can be organised as a (1,1)-
supersymmetric sigma model which has target space L = M × L(G), where
L(G) is the Lie algebra of the gauge group G. The various allowed couplings
are restricted by two-dimensional Lorentz invariance, supersymmetry and gauge
invariance. The superfields of the (1,1)-supersymmetric gauge theory coupled
to sigma model matter are maps Z = (φ,W ) from the (1,1) superspace Ξ1,1 into
L, where φ is the usual (1,1) sigma model superfield and W is the (1,1) gauge
theory multiplet. We again allow the gauge group G to act on L with a group
action on M and the adjoint action on L(G). The vector fields generated by
such a group action are
ξa = ξ
A
a ∂A = ξ
i
a∂i +W
bf cab∂c (6.12)
where A = (i, a), the component ξi is allowed to depend on both φ and W , and
the partial derivative with the gauge index denotes differential with respect to
W .
Next we introduce a metric g and a Wess-Zumino term H on L and assume
that the gauge group G acts on L with isometries leaving the Wess-Zumino
term H invariant. We also define w as iξaH = dwa, where ξa is the new Killing
vector field (6.12). Then an action can be written for this new sigma model as
Sσ =
∫
d2xdθ+dθ−
(
gAB∇+Z
A∇−Z
B + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇+Z
B∇−Z
C − wBa∂tZ
BW a−
) (6.13)
where h is a function which depends on Z. This action is clearly supersymmetric
because it is a full (1,1) superspace integral. Gauge invariance requires that w
above satisfies all the conditions stated in section 2.2 but for the group action
with associated vector fields (6.12) and a Wess-Zumino term in L. In addition,
gauge invariance requires that
Lah = 0 (6.14)
where the Lie derivative is with respect to the vector field (6.12).
6.7 Scalar Potential
To compute the scalar potential we express the action in components and elim-
inate the auxiliary field of the sigma model superfield φ from the action using
the field equations. The scalar potential is
V (W,φ) =
1
4
gij∂ih∂jh , (6.15)
where gij is the inverse of the restriction of the metric of L on M . Observe that
V depends on both the sigma model scalar φ and the gauge multiplet scalar
W . The classical supersymmetric vacua of the theory are those values of (φ,W )
for which ∂ih = 0. For example, for the special (1,1)-supersymmetric model
investigated in the beginning of the section, V = 14g
ij(∂ih + ∂izaW
a)(∂jh +
∂jzbW
b), where in this case h = h(φ).
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7 (2, 1) supersymmetry
7.1 The gauge multiplet
The (2, 1) superspace Ξ2,1 has coordinates (x+, x=, θ+p , θ
−), where (x+, x=) are
the even and (θ+0 , θ
+
1 , θ
−) are odd coordinates. The (2,1)-supersymmetric Yang-
Mills multiplet is described by a connection A in superspace with components
(A+, A=, Ap+, A−), p = 0, 1. In addition it is required that these satisfy the
supersymmetry constraints [8]
[∇p+,∇−] =Wp [∇+,∇=] = F+=
[∇p+,∇q+] = 2iδpq∇+ [∇−,∇−] = 2i∇= . (7.1)
We have suppressed the gauge indices. We remark thatWp are scalar superfields.
The Jacobi identities imply that
[∇p+,∇=] = i∇−Wp [∇−,∇+] = i∇0+W0
F a+= = ∇0+∇−W
a
0 ∇1+W1 = ∇0+W0 (7.2)
∇1+W0 +∇0+W1 = 0 .
The two scalar superfields (W0,W1) can be viewed as a map W from the (2,1)
superspace Ξ2,1 into LG⊗R2, where LG is the Lie algebra of the group G. Next
introduce a complex structure I = Id ⊗ ǫ in LG ⊗ R2 where ǫ is the constant
complex structure in R2 with ǫ01 = −1. The last two conditions in (7.1) can be
expressed as
∇1+W
ap = ǫpq∇0+W
aq . (7.3)
In fact this implies thatW is a covariantly chiral superfield, (∇1++i∇0+)(W1+
iW0) = 0.
The components of the gauge superfields Wp are
Wp =Wp| F+= = ∇0+∇−W0| f = ∇0+∇−W1|
χ0+ = ∇0+W0| χ1+ = ∇0+W1| χp− = ∇−Wp| , (7.4)
whereWp are scalars, χp+ and χp− are the gaugini which are real chiral fermions
in two dimensions, F+= is the field strength and f is a real auxiliary field. As
in the (1,1)-supersymmetric gauge theory, the gauge multiplet is determined by
scalar superfields. This will lead again to non-polynomial interactions between
the gauge and sigma multiplets of the theory.
7.2 The sigma model multiplet
LetM be a KT manifold with metric g and complex structure J . We in addition
assume that the gauge group G acts on M with isometries which furthermore
preserve the complex structure J and the Wess-Zumino term H . These con-
ditions are the same as those in the case of (2,0)-supersymmetric theory. The
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(2,1) sigma model superfield φ is a map from the (2,1) superspace Ξ2,1 into the
sigma model manifold M . In addition it is required that
∇1+φ
i = J ij∇0+φ
j , (7.5)
where ∇p+φ
i = Dp+φ
i + Aap+ξ
i
a and ξa are the vector fields on M generated
by the group action. As we have seen, the (2,1) gauge multiplet satisfies the
condition (7.3) similar to (7.5). The superfield φ is also covariantly chiral, as can
be seen by choosing complex coordinates on the sigma model manifoldM . These
results will be used later for the construction of actions of (2,1)-supersymmetric
gauge theories coupled to sigma models.
The components of the sigma model multiplet φ are as follows:
φi = φi| ℓi = ∇0+∇−φ
i|
λi+ =∇0+φ
i| λi− =∇−φ
i| , (7.6)
where φ is a scalar, λ+ and λ− are real fermions, and ℓ is an auxiliary field.
7.3 Action
An action of a (2,1)-supersymmetric gauge theory coupled to sigma model mat-
ter can be written as
S = Sg + Sσ + Sp , (7.7)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sp contains the potential term. We shall describe each
term separately.
7.4 The gauge multiplet action
An action for the (2,1)-supersymmetric gauge multiplet is
Sg =
∫
d2xdθ+0 dθ
−
(
− u0abδ
pq∇0+W
a
p∇−W
b
q
+ u1abδ
pq∇1+W
a
p∇−W
b
q + z
p
aW
a
p
) (7.8)
where u0, u1 are the gauge coupling constants and zp are theta term type of
couplings. All the couplings are allowed to depend on the superfield φ. We shall
assume that both u0, u1 are symmetric in the gauge indices but this restriction
can be lifted.
Observe that the action (7.8) is not an integral over the full Ξ2,1 super-
space. Therefore it is not manifestly (2,1)-supersymmetric. The requirement of
invariance of the action under (2,1) supersymmetry imposes the conditions
Jji∂ju
0
ab = −∂iu
1
ab
Jji∂jz
1
a = −∂iz
0
a .
(7.9)
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Therefore the couplings u0 + iu1 and z1 + iz0 are holomorphic.
In addition gauge invariance of the action (7.8) implies that
Lau
p
bc = −f
d
abu
p
dc − f
d
acu
p
bd
Laz
p
b = −f
d
abz
p
d .
(7.10)
7.5 The sigma model multiplet action and potential
The action of the (2,1)-supersymmetric gauged sigma model with Wess-Zumino
term has been given in [8]. Here we shall summarise some of results relevant to
this paper. The action of this multiplet is
Sσ =
∫
d2xdθ+0 dθ
−
(
gij∇0+φ
i∇−φ
j + νaW
a
1
)
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇0+φ
j∇−φ
k − wia∂tφ
iW a−
) (7.11)
This action can be written without the t integration as
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φ
i∇−φ
j + bijD+φ
iD−φ
j
−Aa+wiaD−φ
i −Aa−wiaD+φ
j +Aa−A
b
+ξ
i
[bwa]i
) (7.12)
Gauge invariance of the above action requires that w should satisfy the
conditions described in section 2.2. As in the case of (2,0)-supersymmetric
gauged sigma model, it is also required that ν is globally defined and Laνb =
−f cab νc. In fact ν is a moment map associated with the action of the gauge
group on the KT manifold M .
The part of the action involving the potential is
Sp =
∫
d2xdθ+0 dθ
− h , (7.13)
where h = h(φ) Invariance under (2,1) supersymmetry requires that
∂ih = J
k
i∂kh
1 (7.14)
where h1 = h1(φ). This implies that h is the real part of a holomorphic function
on M .
The scalar potential of (2,1)-supersymmetric gauge theories coupled to sigma
models described above is
V =
1
4
uab0 (νa + z
1
a)(νb + z
1
b ) +
1
4
gij(∂ih+ ∂iz
p
aW
a
p )(∂jh++∂jz
p
aW
a
p ) . (7.15)
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7.6 A generalisation
As we have shown both the (2,1) gauge multiplet and the (2,1) sigma model
multiplet are constructed from covariantly chiral scalar superfields, ie both sat-
isfy the conditions (7.5) and (7.3). Because of this, these two superfields can
be combined to a single superfield Z = (W0,W1, φ) which is a map from the
(2, 1) superspace Ξ2,1 into (LG⊗R2)×M . In addition we can take Z to satisfy
a chirality condition which is the combination of (7.3) and (7.5). Next we can
take the gauge group G to act on (LG ⊗ R2) ×M with the adjoint action in
the first factor and a group action on M . The vector fields associated by such
a group action are
ξa =
∑
p
f cabW
b
p
∂
∂W cp
+ ξi∂i . (7.16)
Treating the (2,1)-supersymmetric gauge theory coupled to sigma model
matter as a sigma model with superfield Z, which satisfies (7.3) and (7.5), we
can write the action
Sσ =
∫
d2xdθ+0 dθ
−
(
gAB∇0+Z
A∇−Z
B + νaW
a
1 + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇0+Z
B∇−Z
C − wBa∂tZ
BW a−
) (7.17)
where now all the couplings are defined using the geometry of (LG⊗R2)×M .
Of course (2,1)-supersymmetric requires that (LG⊗R2)×M is a KT manifold
with respect to the complex structure (J, id ⊗ ǫ). In particular the metric and
the rest of the couplings depend on the coordinates of (LG ⊗ R2) ×M . The
conditions for gauge invariance are easily determined from those of the (2,1)-
supersymmetric gauged sigma model. We remark that the couplings of (7.17)
can be arranged such that the SO(2) R-symmetry of the (2, 1)-supersymmetry
algebra is broken. In particular the SO(2) rotation that rotate the Wp scalar
components is not a symmetry of the action. However if one insists in preserving
the R-symmetry, then the KT manifold (LG⊗ R2)×M should admit a SO(2)
action preserving all the geometric data.
8 (4, 1) supersymmetry
8.1 The gauge multiplet
The (4, 1) superspace Ξ4,1 has coordinates (x+, x=, θ+p , θ
−), where (x+, x=)
are the even and {θ−, θ+p , p = 0, . . . , 3} are the odd coordinates. The (4,1)-
supersymmetric Yang-Mills multiplet is described by a connection A in Ξ4,1
superspace with components (A+, A=, Ap+, A−) with p = 0, . . . 3. In addition
31
it is required that these satisfy the supersymmetry constraints [8]
[∇p+,∇−] =Wp [∇+,∇=] = F+=
[∇p+,∇q+] = 2iδpq∇+ [∇−,∇−] = 2i∇= (8.1)
∇p+Wq = ǫ
p′q′
pq ∇p′+Wq′ .
(We have suppressed all the gauge indices.) The Jacobi identities imply that
[∇p+,∇=] = i∇−Wp
[∇−,∇+] = i∇0+W0
F a+= = ∇0+∇−W
a
0 (8.2)
∇p+Wq +∇q+Wp = 0 (p 6= q)
∇0+W0 = ∇1+W1 = ∇2+W2 = ∇3+W3
The (4,1) gauge multiplet is determined by four scalar superfields. Some
of the conditions on these superfields given in (8.1), like in the (2,1) model
previously, can be expressed as conditions of a (4,1) sigma model multiplet.
For this, view the four-scalar superfields {Wp : p = 0, 1, 2, 3} as maps from
the superspace Ξ4,1 into LG ⊗ R4, where LG is the Lie algebra of the gauge
group G. Then introduce three constant complex structures {Ir} in R
4 such
that (Ir)
0
s = δrs and (Ir)
s
t = −ǫrst where r, s, t = 1, 2, 3. The conditions on
Wp in (8.1) and (8.1) can be expressed as
∇r+W
a
p = Ir
q
p∇0+W
a
q . (8.3)
The components of the gauge multiplet are
Wp =Wp| F+= = ∇0+∇−W0|
χp− = ∇−Wp| χp+ = ∇0+Wp| (8.4)
fr = ∇0+∇−Wr| r = 1, 2, 3 ,
where Wp are scalars, χp+,χp− are the gaugini which are real chiral fermions
in two dimensions, F+= is the field strength and {fr : r = 1, 2, 3} are auxiliary
fields. The SO(4) R-symmetry of the (4,1)-supersymmetric gauge theory rotates
both the scalars and the fermions of the gauge multiplet.
8.2 The sigma model multiplet
Let M be a HKT manifold with metric g and hypercomplex structure {Jr; r =
1, 2, 3}. We in addition assume that the gauge group G acts on M with
isometries which in addition preserve the hypercomplex structure Jr and the
Wess-Zumino term H . These conditions are the same as in the case of (4,0)-
supersymmetric model. The (4,1) sigma model superfield φ is a map from the
(4,1) superspace Ξ4,1 into the sigma model manifold M . In addition it is re-
quired that
∇r+φ
i = Jr
i
j∇0+φ
j , (8.5)
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where∇p+φ
i = Dp+φ
i+Aap+ξ
i
a and ξ are the vector fields onM generated by the
group action. As we have seen the (4,1) gauge multiplet satisfies the condition
(8.3) similar to (8.5). These results will be used later for the construction of
actions of (4,1)-supersymmetric gauge theories coupled to sigma models.
The components of the sigma model (4,1) multiplet φ are as follows,
φi = φi| ℓi = ∇0+∇−φ
i|
λi+ = ∇0+φ
i| λi− = ∇−φ
i| , (8.6)
where φ is a scalar, λ+ and λ− are real fermions, and ℓ is an auxiliary field.
8.3 Action
The action of a (4,1)-supersymmetric gauged theory coupled to sigma model
matter can be written as
S = Sg + Sσ + Sp , (8.7)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-model
multiplet and Sp is the potential. We shall describe each term separately.
8.4 The gauge multiplet action
An action for the (4,1)-supersymmetric gauge multiplet is
Sg =
∫
d2xdθ+0
(
− u0abδ
pq∇0+W
a
p∇−W
b
q
+ urabδ
pq∇r+W
a
p∇−W
b
q + z
p
aW
a
p
) (8.8)
where {up} = {u0, ur} and zp are the gauge coupling constants and theta type
of terms, respectively, which in general depend on the superfield φ. We shall
assume that both up are symmetric in the gauge indices but this restriction can
be lifted.
Observe that this action is not an integral over the full Ξ4,1 superspace.
Therefore it is not manifestly (4,1)-supersymmetric. The requirement of in-
variance under (4,1) supersymmetry imposes the condition that up and zp are
constant. This is similar to the condition that arises in (4,0) supersymmetric
gauge theories. In addition, gauge invariance of the action (8.8) requires that
fdabu
p
dc + f
d
acu
p
bd = 0
fdabz
p
d = 0 .
(8.9)
Thus up must be invariant quadratic forms on the Lie algebra of the group G
and zp must be invariant elements of the Lie algebra. Of course zp = 0, if G is
semi-simple.
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8.5 The sigma model multiplet action and the potential
An action for the (4,1) sigma model multiplet coupled to gauge fields has been
given in [8]. Here we shall summarise some of results relevant to this paper.
The action of the (4,1)-supersymmetric gauged sigma model is
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φ
i∇−φ
j +
∑
r
νraW
a
r
)
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇+φ
j∇−φ
k − wia∂tφ
iW a−
)
.
(8.10)
The gauge transformations of φ are δφi = λaξ ia (φ). Gauge invariance of the
above action requires that w should satisfy the conditions described in section
2.2. As in the case of (4,0)-supersymmetric gauged sigma model, νr should
satisfy Laν
r
b = −f
c
ab ν
r
c . In fact ν
r is a moment map associated with the action
of the gauge group G on the HKT manifold M .
The part of the action involving the potential is
Sp =
∫
d2xdθ+0 dθ
− h , (8.11)
where h = h(φ). Invariance under (4,1) supersymmetry requires that
∂ih = Jr
k
i∂kh
r (8.12)
where hr = hr(φ). This implies that h is the real part of three holomorphic
functions on M , ie h is tri-holomorphic.
The scalar potential of (4,1)-supersymmetric gauge theories coupled to sigma
models is
V =
1
4
uab0
3∑
r=1
νraν
r
b +
1
4
gij∂ih∂jh , (8.13)
where we have shifted the moment maps νr by a constant zr.
8.6 A generalisation
As we have shown both the (4,1) gauge multiplet and the (4,1) sigma model
multiplet are constructed from scalar superfields which satisfy the similar con-
straints (8.3) and (8.5), respectively. Because of this, these two superfields can
be combined to a single superfield Z = (W,φ) which is a map from the (4, 1)
superspace Ξ4,1 into (LG ⊗ R4) ×M . In addition we can take Z to satisfy a
condition which is the combination of (8.5) and (8.3). Next we can take the
gauge group G to act on (LG ⊗ R4) ×M with the adjoint action in the first
factor and a group action on M . The vector fields associated by such a group
action are
ξa =
∑
p
f cabW
b
p
∂
∂W cp
+ ξi∂i . (8.14)
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Treating the (4,1)-supersymmetric gauge theory coupled to sigma model
matter as a sigma model with superfield Z, which satisfies (8.3) and (8.5), we
can write the action
Sσ =
∫
d2xdθ+0 dθ
−
(
gAB∇0+Z
A∇−Z
B +
∑
r
νraW
a
r + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇0+Z
B∇−Z
C − wBa∂tZ
BW a−
) (8.15)
where now all the couplings are defined using the geometry of (LG⊗R4)×M .
Of course (4,1)-supersymmetry requires that (LG⊗R4)×M is a HKT manifold
with respect to the hypercomplex structure (Jr, Ir). In particular the metric
and the rest of the couplings depend on the coordinates of (LG⊗R4)×M . The
conditions for gauge invariance are easily determined from those of the (4,1)-
supersymmetric gauged sigma model. We remark that the couplings of (8.15)
can be arranged such that the SO(4) R-symmetry of the (4, 1)-supersymmetry
algebra is broken. In particular the SO(4) rotation that rotates the Wp scalar
components is not a symmetry of the action. However if one insists in preserving
the R-symmetry, then the HKT manifold (LG⊗R4)×M should admit a SO(4)
action preserving all the geometric data.
9 A bound for vortices in the (2,0) model
Vortices are the instantons of two-dimensional gauge theories coupled to sigma
models. Bogomol’nyi type of bounds for both abelian [20] and non-abelian
vortices [21, 22] have been investigated in the context of linear sigma models.
Here we shall establish bounds for vortices for non-linear sigma models. For
this we shall consider the Euclidean action of the (2,0)-supersymmetric gauge
sigma model without Wess-Zumino term. The sigma model target space M
is Ka¨hler with metric g, complex structure J and associated Ka¨hler form ΩJ
((ΩJ )ij = gikJ
k
j). After a Wick rotation the two-dimensional spacetime is R
2
with the standard Euclidean metric. The relevant part of the bosonic Euclidean
action of a (2,0)-supersymmetric gauge theory coupled to a sigma model is
SE =
∫
R2
d2x
(1
2
gijδ
µν∇µφ
i∇νφ
j +
1
2
uabF
a
µνF
b
λρδ
µλδνρ +
1
4
uabνaνb
)
. (9.1)
Next we introduce I a constant complex structure on R2 such that R2 is a
Ka¨hler manifold. The associated Ka¨hler form ΩI is the volume form of R
2. In
such a case the Euclidean action (9.1) can be rewritten as
SE =
∫
d2x
[1
4
uab
(
(ΩI · F
a ∓
1
2
νa)(ΩI · F
b ∓
1
2
νb)
+
1
4
gijδ
µν(Iρµ∇ρφ
i ∓∇µφ
kJ ik)(I
σ
ν∇σφ
j ∓∇νφ
ℓJjℓ)]
±
∫
R2
((ΩJ )ij∇φ
i ∧∇φj + νaF
a)
(9.2)
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where ΩI · F = (ΩI)
µνFµν , ν
a = uabνb, uab = u
0
ab and u
acucb = δ
a
b (uab =
u(ab)). We remark that the above expression for the Euclidean action has been
constructed from (9.1) by completing squares and collecting all the remaining
terms which organise themselves in the last term of (9.2).
The last term in (9.2),
Q =
∫
R2
ωJ , (9.3)
is a topological charge, where the form
ωJ = (ΩJ)ij∇φ
i ∧ ∇φj + νaF
a (9.4)
is the equivariant extension of the Ka¨hler form ΩJ of the sigma model target
space M . The form ωJ is closed. Viewing ωJ as form on R
2, it is apparent. In
fact ωJ is closed as a two-form on any manifold N for any map φ from N into
the sigma model manifold M and for any choice of connection A. This can be
easily seen and we shall not demonstrate it here.
The Euclidean action of the (2,0)-supersymmetric two-dimensional gauge
theory coupled to a sigma model is bounded by the absolute value of the topo-
logical charge Q, SE ≥ |Q|. This is because it is always possible to choose the
signs in the Bogomol’nyi bound above such that the topological term is positive.
If the topological charge is positive, then the bound is attained whenever
ΩI · F
a − νa = 0
J ij∇µφ
j −∇νφ
iIνµ = 0 .
(9.5)
In two-dimensions, the curvature F is a (1,1)-form. Choosing complex coordi-
nates (z, z¯) on R2 with respect to the complex structure I, it is always possible
to arrange using a (complex) gauge transformation that Az¯ = 0. Choosing com-
plex coordinates in the sigma model target space M as well, it is easy to see
that the second BPS condition implies that the map φ is holomorphic from the
spacetime R2 into the sigma model manifold M .
A special case of this bound arises for gauge theories couple to linear sigma
models for which the sigma model manifold M = R2n with the Euclidean met-
ric and equipped with a constant compatible complex structure J . This case
includes the Nielsen-Olesen vortices [19]. (For these, existence of a solution was
shown in [23] and the moduli were studied in [30], [21] and more recently in [31],
see also [32]). The case with a single complex scalar has been analysed in [20].
Choosing complex coordinates {qα;α = 1, . . . , n} in R2n, we write
ds2 =
∑
α
dqαdqα¯
ΩJ = −i
∑
α
dqα ∧ dqα¯ .
(9.6)
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Next consider the abelian group U(1)-action qα → eiQαtqα which generates the
holomorphic Killing vector fields
ξ = i
∑
α
Qα(q
α ∂
∂qα
− qα¯
∂
∂qα¯
) . (9.7)
The moment map is
ν = −
∑
α
(Qαq
αqα¯)− Λ , (9.8)
where Λ is a (cosmological) constant. This is an example of a (2, 0)-supersymmetric
gauged linear sigma model with gauge group U(1) of the type considered in [5].
The topological charge is
Q =
∫
R2
d2z
(∑
α(∇zq
α∇z¯q
α¯ −∇z¯q
α∇zq
α¯) + νFzz¯
)
(9.9)
where ∇zq
α = ∂zq
α+ iAzQαq
α, ∇zq
α¯ = ∂zq
α¯− iAzQαq
α¯, ∇z¯q
α¯ = (∇zq
α)∗ and
∇z¯q
α = (∇zq
α¯)∗, and Fzz¯ = ∂zAz¯ − ∂z¯Az. To compare the bound above (9.2)
with that of vortices in [5], we observe that after some integration by parts we
have
Q =
∫
R2
d2z
(∑
α
Qα(∂zq
α∂z¯q
α¯ − ∂z¯q
α∂zq
α¯)− ΛFzz¯
)
+ surfaces (9.10)
The first term in the above expression is the topological charge expected for
the vortices (instantons) of ungauged two-dimensional sigma models. The same
topological charge also appears in the kink solitons of three-dimensional non-
linear sigma models. The last part in the above expression involving the cosmo-
logical constant and the Maxwell field is the usual degree of an abelian vortex.
The relation between the topological charge Q in (9.9) and the degree of an
abelian vortex involves integration by parts. Under certain boundary condi-
tions the two topological charges are the same. However as we have shown, the
bound that involves the equivariant extension of the Ka¨hler form generalizes in
the context of gauge theories coupled to non-linear sigma models.
10 A bound for vortices in the (4,0) model
A bound similar to the one we have described in the previous section for the
Euclidean action of (2,0)-supersymmetric gauge theory coupled to sigma model
matter can also be found for the Euclidean action of (4,0)-supersymmetric gauge
theory. The Euclidean action of a (4,0)-supersymmetric gauge theory coupled
to sigma model matter with vanishing Wess-Zumino term is
SE =
∫
R2
d2x
(1
2
gijδ
µν∇µφ
i∇νφ
j +
1
2
uabF
a
µνF
b
λρδ
µλδνρ +
1
4
3∑
r=1
uab
∑
r
νraν
r
b
)
(10.1)
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The sigma model target space is hyper-Ka¨hler with metric g, hypercomplex
structure {Jr : r = 1, 2, 3} and associated Ka¨hler forms ΩJr . After the Wick
rotation, the two-dimensional spacetime is R2 with the standard Euclidean met-
ric. Let I be a compatible constant complex structure such that R2 is a Ka¨hler
manifold with associated Ka¨hler form ΩI . In such a case the Euclidean action
can be written as
SE =
∫
d2x [
1
4
3∑
r=1
uab(arΩI · F
a ∓ νar )(arΩI · F
b ∓ νbr)
+
1
4
3∑
r=1
δµνgij(arI
ρ
µ∇ρφ
i ∓∇µφ
kJ irk)(arI
σ
ν∇σφ
i ∓∇νφ
ℓJjr ℓ)]
±
∫
R2
3∑
r=1
arωJr ,
(10.2)
where {ar : r = 1, 2, 3} is a constant vector with length one,
∑3
r=1(ar)
2 = 1,
uab = u
0
ab = u
0
ba, ν
a
r = u
acνrc, u
acucb = δ
a
b and
ωJr = (ΩJr)ij∇φ
i ∧∇φj + νaF
a (10.3)
is the equivariant extension of the Ka¨hler form ΩJr .
The strictest bound is attained whenever the unit vector {ar : r = 1, 2, 3} is
parallel to the vector of the topological charges Qr : r = 1, 2, 3}, where
Qr =
∫
R2
ωJr (10.4)
and the sign is chosen such that the topological term in the bound is positive. If
the inner product of {ar : r = 1, 2, 3} and {Qr : r = 1, 2, 3} in (10.2) is positive,
we have that
SE ≥
√
Q21 +Q
2
2 +Q
2
3 . (10.5)
This bound is attained whenever
arΩI · F
a − νar = 0
Jr
i
j∇µφ
j − ar∇νφ
iIνµ = 0 .
(10.6)
Using a rotation in the space of three complex structures, we can arrange
such that a1 = 1 and a2 = a3 = 0. In such case, the last equation in (10.6)
implies that
∇µφ
i = 0 . (10.7)
This in turn gives
F aµνξ
i
a = 0 (10.8)
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Therefore either φ takes values in the fixed point set Mf of the group action of
G in M or the curvature F of the connection A vanishes. In the latter case, the
first equation in (10.6) implies that νr = 0 and these are the vacua of the theory.
If these are no non-trivial flat connections and Mf ∩ ν
−1
1 (0) ∩ ν
−1
2 (0) ∩ ν
−1
3 (0)
is empty, then the space of solutions if the hyper-Ka¨hler reduction M//G of M
and it is a hyper-Ka¨hler manifold. On the other hand if φ take values in Mf ,
then the second equation in (10.6) implies that φ are constant. Substituting
this in the first equation in (10.6) implies that φ are in Mf ∩ ν
−1
2 (0) ∩ ν
−1
3 (0).
In addition we have that
ΩI · F
a − νa1 = 0 . (10.9)
This is the Hermitian-Einstein equation in two dimensions.
11 Ka¨hler manifolds and non-abelian vortices
The bounds that we have described in the previous sections can be easily gen-
eralized as follows. Consider two Ka¨hler manifolds (N, h, I) and (M, g, J) of
dimensions 2k and 2n, and Ka¨hler forms ΩI and ΩJ , respectively. Next allow
M to admit a holomorphic G-action with associated killing vector fields ξ and
moment map ν. In our conventions iξΩJ = −dν. Next consider the functional
SE =
∫
N
dvol(N)
(1
2
|∇φ|2 +
1
2
|F |2 +
1
4
|ν|2
)
, (11.1)
where |∇|2 = gijh
µν∇µφ
i∇νφ
j , ∇µφ
i = ∂µφ
i+Aaξia, |F |
2 = uabF
a
µνF
b
ρσh
µρhνσ,
|ν|2 = uabνaνb and u is a fibre inner product on the gauge bundle which we can
set uab = δab.
The functional SE can be rewritten as follows:
SE =
∫
N
dvol(N)
[1
4
|ΩI · F ∓ ν|
2 + |F 2,0|2 +
1
4
|I∇φ ∓ J∇φ|2
]
±
1
(k − 1)!
∫
N
ωJ ∧ Ω
k−1
I −
1
(k − 2)!
∫
N
uabF
a ∧ F b ∧ Ωk−2I
(11.2)
where we have chosen the normalisation dvol(N) = 1
k!Ω
k
I , ΩI · F = Ω
µν
I Fµν ,
F 2,0 is the (2,0) part of the curvature F and
ωJ = (ΩJ)ij∇φ
i ∧ ∇φj + νaF
a (11.3)
is the equivariant extension of the Ka¨hler form ΩJ . (The inner products are
taken with respect to the Riemannian metrics h and g.) The rest of the notation
is self-explanatory. We remark that if ΩJ represents the first Chern class of a
line bundle, i.e. the Ka¨hler manifold is Hodge, then ωJ can be thought of as the
equivariant extension of the first Chern class (see [9]).
If uab is a constant invariant quadratic form on the Lie algebra of the gauge
group G, it is clear that the functional SE is bounded by a topological term
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Q which involves the equivariant extension of the Ka¨hler form and the second
Chern character of the bundle P ×G L(G), where P is a principal bundle of
the gauge group G and G acts on L(G) with the adjoint representation. In
particular we can write
SE =
∫
N
dvol(N)
[1
4
|ΩI · F ∓ ν|
2 + |F 2,0|2 +
1
4
|I∇φ∓ J∇φ|2
]
±
1
(k − 1)!
∫
N
ωJ ∧ Ω
k−1
I −
8π2
λ(k − 2)!
∫
N
ch2 ∧ Ω
k−2
I ,
(11.4)
where λ is an appropriate normalisation factor involving the ratio between the
fibre inner product on P ×GL(G) and u; where G is simple. It is worth pointing
out that the term involving the second Chern character is not affected by the
choice of sign in writing (11.2). Therefore there are three cases to consider the
following: (i) there is no choice of sign such that the topological charge Q is
positive. In such a case the bound cannot be attained. (ii) There is a critical
case in which for one choice of sign the topological charge is negative while for
the other choice is zero. This case implies that the Euclidean action vanishes
and so every term should vanish. Solutions exist for F = ∇φ = ν = 0. (iii) For
one of the choice of signs the topological charge is positive. Suppose that Q is
positive in (11.2) for the first choice of sign. In such case the bound is attained
provided that the equations
F 2,0 = 0
ΩI · F
a − νa = 0
Iνµ∇νφ
i − J ij∇µφ
j = 0
(11.5)
hold. The first equation implies that F is a (1,1)-form. The last equation in
(11.5) implies that the maps φ are holomorphic. Finally the middle equations
are a generalization of non-abelian vortex equations. If the term involving the
moment map is constant, then the resulting equation is the Hermitian-Einstein
equation.
12 Hyper-Ka¨hler manifolds and non-abelian vor-
tices
Let (N, h, I) be a Ka¨hler manifold of dimension 2k with associated Ka¨hler form
ΩI and (M, g, Jr) be a hyper-Ka¨hler manifold of dimension 4n with associated
Ka¨hler forms ΩJr . Next allow M to admit a tri-holomorphic G-action with
associated killing vector fields ξ and moment maps νr. In our conventions
iξΩJr = −dνr. Next consider the functional
SE =
∫
N
dvol(N)
(1
2
|∇φ|2 +
1
2
|F |2 +
1
4
3∑
r=1
|νr|
2
)
, (12.1)
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where |∇|2 = gijh
µν∇µφ
i∇νφ
j , ∇µφ
i = ∂µφ
i+Aaξia, |F |
2 = uabF
a
µνF
b
ρσh
µρhνσ,
|νr|
2 = uabνraνrb and u is a fibre inner product on the gauge bundle which we
can set uab = δab.
The functional SE can be rewritten as follows:
SE =
∫
N
dvol(N)
[1
4
3∑
r=1
|arΩI · F ∓ νr|
2 + |F 2,0|2 +
1
4
3∑
r=1
|arI∇φ∓ Jr∇φ|
2
]
±
1
(k − 1)!
∫
N
3∑
r=1
arωJr ∧ Ω
k−1
I −
1
(k − 2)!
∫
N
uabF
a ∧ F b ∧ Ωk−2I
(12.2)
where dvol(N) = 1
k!Ω
k
I , {ar : r = 1, 2, 3} is a constant vector of length one,∑3
r=1(ar)
2 = 1, ΩI · F = Ω
µν
I Fµν , F
2,0 is the (2,0) part of the curvature F and
ωJr = (ΩJr )ij∇φ
i ∧ ∇φj + νraF
a (12.3)
is the equivariant extension of the Ka¨hler form ΩJr . (The inner products are
taken with respect to the Riemannian metrics h and g.) The rest of the notation
is self-explanatory.
It is clear that the functional SE is bounded by a topological charge Q
which involves the equivariant extensions of the Ka¨hler forms ΩJr and, if u is a
constant invariant quadratic form on L(G), the second Chern character of the
gauge bundle P ×G L(G). It is worth pointing out that the term involving the
second Chern character is not affected by the choice of sign in writing (12.2).
Therefore as in the Ka¨hler case, there are several cases to consider but we shall
not repeat the analysis again. Suppose that both Q and that the inner product
of the vector {ar : r = 1, 2, 3} with {Q˜r : r = 1, 2, 3} are positive in (12.2),
where
Q˜r =
1
(k − 1)!
∫
N
ωJr ∧ Ω
k−1
I . (12.4)
Then the bound is attained provided that the equations
F 2,0 = 0
arΩIF
a − νar = 0
arI
ν
µ∇νφ
i − Jr
i
j∇µφ
j = 0
(12.5)
hold. The first equation implies that F is a (1,1)-form. It is always possible
with a rotation in the space of complex structures of the hyper-Ka¨hler manifold
M to set a1 = 1 and a2 = a3 = 0. Then last equation in (12.5) implies that
∇µφ
i = 0 . (12.6)
This in turn implies that
F aµνξ
i
a = 0 . (12.7)
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Therefore either the connection A is flat or the maps φ take values in the fixed
set Mf of the G-group action on M . In the former case, in the absence of non-
trivial flat connections, the moduli space of solutions to these equations is the
hyper-Ka¨hler reduction M//G of G and it is a smooth manifold provided that
the level set does not intersect Mf . In the latter case, the maps φ are constant
and the two remaining equations in (12.5) are the Hermitian-Einstein equations
for the connection A.
One can also consider the case where (N, h, Ir) is a hyper-Ka¨hler manifold
while (M, g, J) is a Ka¨hler manifold which admits a G-holomorphic action of
isometries. This case can be treated as that considered in the previous sec-
tion involving only Ka¨hler manifolds. A Ka¨hler structure on N can chosen
with respect to any complex structure which lies in the two-sphere of complex
structures of N .
13 Concluding Remarks
We have constructed the actions of two-dimensional (p,0)- and (p,1)-supersymmetric
gauge theories coupled to sigma model matter with Wess-Zumino term. We have
also given the scalar potentials of these theories. Our method of constructing
these theories relies on a superfield method. Then we have shown that the Eu-
clidean actions these theories admit vortex type of bounds which generalise to
higher dimensions.
The gauge theories that we have constructed are not the most general ones.
It is known for example that the (1,1)-supersymmetric sigma model admits a
scalar potential which is the length of a killing vector field [33]. Our superfield
method cannot describe such a term. There are also other possibilities, for ex-
ample the sigma models with almost complex manifolds as a target space as
well as those associated with (p, 0) fermionic multiplets for which the supersym-
metry algebra closes on-shell [16, 29]. Other models of interest that we have not
described here are those with (p, 2), p = 2, 4, and (4,4) supersymmetry. All the
above models can be described using (1,0) superfields. This method has been
used before, see [12, 13, 14]. This means that the action of such models can
be written in terms of (1,0) superfields and the additional supersymmetries can
be implemented by requiring invariance of the action under additional suitable
transformations. The (2,2) and (4,4) supersymmetric gauge theories have been
described using other methods in [5] and [34].
The gauge theories coupled to sigma models which we have described with
(p, 1) supersymmetry have soliton type of bounds in addition to the vortex type
of bounds that we have described. For the former bounds the energy of these
models can be written as a sum of squares and a topological term. This is
very similar to bounds of (ungauged) sigma models [24] and so we have not
described them here. It would be of interest to investigate the solutions of the
vortex equations we have presented for different types of moment maps. It may
be that for a suitable choice, the vortex equations can be solved exactly.
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